
Tutorial 4
Q . I

Let A = { DEIR
'
: JD has measure zero and Dis bounded } .

Find

sup f.
☐

4-✗2- y
'
- 2-2) dv

DEA

Solution :

Note the integral is maximized on
Do = { IX. y > z) : I

- ✗2- y
'

-2-220 }
it . The unit ball .

We can then compute integral using spherical coordinates .

sup f.
☐

4-✗2- y
'
- 2-2) dv

DEA

= Jp
,

4- ✗2- y
'
- 2-2) du

= f
"

/
*
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First moments and centre of mass
let p=p IX. y , E) be the lmass) density of an object
represented by a region DEIR? ( with JD measure zero ,)

D bounded
Mass : M = Jppdv "

pdv = dm : density ✗ volume =mass
"

First moment about the coefficient :

My 2- = fpxpdv
"
Average mass of the

Mxz =/ ☐ ypdv object weighted by the
distance by the coordinate

Mxy = SDZPDV f plane "

The centre of mass of R is a point II.g- /E) , where
I = MYZ , g- = Mµ± , I = MayM M

The 2D case is similar . The only difference is we
have Mx =/☐ ypdv . My =/pxpdv , p =p ix.y)
I = YI , g- = Mpf ,

Remark : When p = 1 , the centre of mass is also called

the centroid of R .



Q2

Find the centre of mass of a thin plate bounded by the curves
✗= y
'
and ✗=2y-up if the density at the point IX.y) is

p IX. g) = y -11 .

Solution:

The region :

I - - - - - - - -

D

y 2--2y
-

y
'
⇒ y=o or I

M= / ☐ pdv
= fjfy.mil- g) dxdy
= fill - g) 12y- 2y4 dy
= £



My =/
☐
xpdv Mx=fp ypdv

=):[yi-iyly-Ddxdy-f.gg?-hixly-i1)dxdy--tfIly+i)1l2y-y4Z-y4dy=/olyly-11712g -2y4dy
= = ¥5
F- YI=¥s
g-=Y¥=¥s
The centre of mass is at 1¥ , %) .



a.3

Find the centroid of the region in the 1st

octant that is bounded above by the cone
2- = ✗

'
+ y
'

,
below by the plane 2- = 0

,
and on

the sides by the cylinder 72+42=4 and the
planes 7=0 and y

= 0 .

Solution :

The region :

O
-D

z

2

We use cylindrical coordinates here .
2-= ✗↳y

' = rios'll + resin20 = r

09£ ¥dv-rdz-drd.TOHE 2



M = v01 (D)

= § ✗ ( TL124 I2) - § IT 12412))
= 4¥

My2- = /☐xd U
= 10¥ fi for@cosa) Ir) dtdr do
= 1¥ fi r 'cos odr do
= 4

Mxz = Spy dv

= 1¥ fig ?HsinD) (v1 dzdr do
= JE fi rssinodr do
= 4



Mxy = ↳2- dv

= 5¥ f ? for zrdzdrdo

=)? fi¥ drdo
= Tv

I = 17¥ = ¥
5-- 14¥ = ¥
F-7¥ = 3g
The Centre ofmass is at 1¥ ,¥,}) .


